Abstract. We consider numerical simulations in general relativity in ADM formalism with cosmological ansatz for the metric. This ansatz is convenient for investigations of the Universe creation in laboratory with Galileons. Here we consider toy model for the software: spherically symmetric scalar field minimally coupled to the gravity with asymmetric double well potential. We studied the dependence of radius of critical bubble on the parameters of the theory. It demonstrates the wide applicability of thin-wall approximation. We did not find any kind of stable bubble solution.
Introduction
We study smooth solutions in spherically symmetric 3+1 gravity with additional scalar field. This problem was studied in many aspects, both analytically [1] [2] [3] and numerically [4] [5] [6] (see [7] for a review). We return to this problem with Galileons in mind. There is an idea, that Galileon field allows one to create a new universe in the laboratory [8] . We just need to create special initial conditions to make some region in our nearly Minkowskian space-time undergo accelerated expansion and create a man-made universe. We want to simulate this process numerically. The most convenient way to do it is to use the following ansatz for the metric
We need to note, that the whole process is entirely smooth and always asymptotically Minkowskian. Initial configuration is just nearly a homogeneous field (of Galileon-type) in a sufficiently large sphere. The energy density is initially small everywhere, but increases inside the sphere, as the field evolves. While the expanding sphere becomes a new universe, the energy density outside remains small and asymptotes to zero at large distances. But before proceeding to the numerical relativity with Galileons, we consider the toy model for software debugging: we examine the dynamics of bubbles of domain wall in the theory of standard scalar field minimally coupled to the gravity. The study of transitions in scalar fields from one minimum to another is itself very motivated by cosmology (mostly by early Universe inflationary-like models) and some classical field theory models.
The most popular topic in this context is a critical phenomena, first discovered by Choptuik [5] . Any family of initial configurations will evolve to one of the two end states -flat space (dispersal of the field to infinity) or a black hole. Critical solution is a transition between these two end states. The non-trivial part is that in spherically symmetric collapse there is a peculiar relation between the mass M of the formed black hole and any parameter p of initial configuration family:
here p * is a critical parameter and scaling index γ does not depend on the choice and parametrization of initial family (only on the type of the matter). For a massless scalar field γ ≈ 0.37 (which is a numerical result). The other interesting phenomenon is a self-similarity of the solution. It turns out that near the critical point field exhibits the following scaling relation,
It is seen in the simulations, that the same field profile appears on the α times smaller spatial scale, but α times closer to the critical time. Unfortunately, for now this result is not well understood and may be questionable. But before moving to domain walls in general relativity let us, first, consider standard
potential without gravity. There is well-known classical solution: kink in 1+1 dimensions, which generalizes to plain domain wall in 3+1 dimensions
It is a static solution, we can obtain moving one via boost. Spherically symmetric version of this solution is a bubble (in spherically symmetric situation analytic solution exists only in a thin-wall approximation). It could not be static due to the surface tension. So, we add small asymmetric term to the potential
to obtain static solution (unstable). This solution is exactly a critical one. The next step is to turn on gravity. First of all, in the thin-wall approximation [2] . In the next section we are going to describe the dynamic of bubbles in this case. In the third section, we will set up a full system of equations and consider numerical simulations. We conclude in the last section.
Thin-wall approximation
Thin-wall approximation in gravity-free case is quite trivial, since it is the limit of plain domain wall (4) . Still it makes sense to review the dynamics of thin wall in the theory of scalar field with gravity. Let us start with the notations. We use Greek indices for four-dimensional tensors while Latin indices take three values and numerate components of the three-dimensional tensors of the hypersurface (Σ). Superscripts + and − indicate outer and inner four-dimensional volumes from the different sides of the hypersurface. σ m u ν is a singular part of stress-energy tensor T ν μ on the wall. K i j = −Γ n i j is outer curvature of Σ. Generally dynamic equations for the wall are the consequence of Einstein equations and junction conditions. First junction is a procedure of continuous matching of g − μν and g + μν on Σ. It allows one to write the metric on the whole manifold 
In general Einstein equations and junction provide one with a lot of conditions (much more than functions to define) and not always possible to obey. The number of conditions is reduced due to additional symmetries, in our case -spherical symmetry.
as usual
We require g 01 = 0 for simplicity (gauge freedom). The metric on the shell is
The equations take the following form after imposing spherical symmetry:
Since we are interested in bubbles of scalar field, we assume stress-energy tensor to be of special type, hence the first of the second junction conditions takes the form
here in is energy density in the inner volume. We will be interested in the case out = 0, so we omit the subscript in. σ here is a wall tension. Now it is possible to present this equation of motion for the bubble in two different formṡ
and
It is easy to check, that there is no stable equilibrium point for domain wall. Any static solution is unstable (critical).
In other words, the effective potential has no minimum. Though, it is very close to having it, for example, an additional electric charge immediately stabilizes the bubble. Now let us turn to the numerical simulations and check the presence of stable bubble there and applicability of thin-wall approximation to thick walls in general.
Numerical setup
We work in 3+1 ADM formalism [9] , it is convenient for numerical simulations because equations are of the first order 1 . Equations of interest are projections of Einstein equations onto the hypersurface, on the normal and mixed projection [10] 
For our purposes it is enough to consider spherical symmetry. In this case general expression for the metric is following
In standard framework a and b are dynamical variables and α and β are gauge parameters. First of all, we impose an orthogonality condition β = 0, this significantly simplifies all the equations. Among the dynamical variables there are also two extrinsic curvatures K r r and K
and scalar field variables Φ ≡ φ and Π ≡ a α φ − βφ . We consider real scalar field minimally coupled to the gravity.
The projected Einstein equations (16-19) and equations of motion for scalar field can be divided in two groups: dynamical equations (23-28) and constraints (29),(30). We write them explicitly in the metric ds
The dynamical equations for the metric components arė
The evolution equations for the extrinsic curvature components arė
The dynamic of scalar field is determined by the following equationṡ Figure 1 . Double well asymmetric potential. We customize the value of the potential in the outside minimum to be zero.
In this ansatz the Hamiltonian constraint reads
and the momentum constraint reads
We consider bubbles of domain wall interpolating between two minima. We customize the value of the potential in the outside minimum to be zero, hence on the spatial infinity metric is Schwarzschild without cosmological constant. Inside the bubble cosmological constant is negative.
Now, instead of fixing α, we equate a and b while keeping α free 2 . This is a convenient ansatz for our later objectives with Galileons and Universe creation. In other words we customize the gauge 2 It worth noting that Schwarzschild metric in our ansatz is a bit different: (26)) and still two for scalar field. In addition we got a constraint equation to determine α, it comes from the difference of (25) and (26).
We apply these five equations to evaluate initial configuration, but because of unstable mode we are also forced to keep the constrains (29),(30) satisfied. As for initial conditions, we specify scalar field as domain wall of given radius and thickness and solve the constraint equations to determine α, a and K.
Conclusions
We designed and debugged a software for numerical simulations in gravity with scalar fields. The main difference from previous works is the special ansatz for the metric and hence slightly different concept with initial conditions and equations of motion. We studied how gravity affects the dynamics of bubbles in the scalar theory in our ansatz but did not find any kind of stable bubble solution. We see that the thin-wall approximation is applicable for a wide range of bubble configurations, even with fairly thick walls.
Subsequently we plan to gather more data and examine the detailed dependence of the radius of critical bubble on the parameters of the model. Moreover, we naturally are going to simulate the universe creation with Galileon field.
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